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New constraints for the nuclear equation of state at suprasaturation densities
have been obtained by measuring collective particle flows in heavy-ion reactions
at relativistic energies. Ratios and differences of neutron and hydrogen flows
in 197Au + 197Au collisions at 400 MeV/nucleon were used in studies of the
asymmetric-matter equation of state. The comparison with predictions of trans-
port models favors a moderately soft to linear density dependence, consistent with
ab-initio nuclear matter theories. Model predictions suggest that comprehensive
data sets collected at higher bombarding energies will provide information on the
asymmetric-matter equation of state in the density range up to two or three times
the saturation value.
1. Introduction
Collective nuclear motion has always been a topic followed and advanced by Walter
Greiner. His seminal papers on nuclear collective excitation from the 60s of last cen-
tury have guided a generation of nuclear structure physicists.1,2 The investigation
and description of density oscillations of small amplitude have not only enhanced
our knowledge about the collective degrees of freedom of atomic nuclei but have also
revealed fundamental properties of nuclear matter. The nuclear compressibility is
of importance for many phenomena in nuclear structure and nuclear reactions as
well as for astrophysics.
To go beyond the small density interval probed with giant resonances requires
nuclear reactions. In their famous shock-wave paper of 1974, Scheid, Mu¨ller and
Greiner have studied new phenomena produced by the collective pressure in the
shock-compressed overlap zone.3 They have shown that heavy-ion reactions at suf-
ficiently high energy provide us with the possibility to compress nuclear matter
1
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up to several times the saturation density ρ0 encountered in the interior of heavy
nuclei. The properties of nuclear matter at suprasaturation densities may thus
be studied in laboratory experiments.4 From the extensive search for observables
suitable for probing the brief high-density phase of the collision, collective flows
and sub-threshold production of strange mesons have appeared as most useful. A
consensus has been reached that a soft equation of state (EoS), corresponding to
a compressibility K ≈ 200 MeV and including momentum dependent interactions,
best describes the high-density behavior of symmetric nuclear matter. It is based
on studies of flow and kaon production within the framework of transport theory.4–6
This finding has very recently been confirmed in a new analysis of the high-precision
flow data measured by the FOPI Collaboration at the GSI laboratory.7,8 We may
note here that the conclusion that K should be of the order of 200 MeV was pre-
sented by Greiner and coworkers 49 years ago, based on a theoretical analysis of the
elastic-scattering excitation function for 16O + 16O measured by the Yale group.9
In recent years, motivated by the impressive progress made in observing proper-
ties of neutron stars and in understanding details of supernova explosion scenarios,
the EoS of neutron-rich asymmetric matter has received increasing attention.10–13
The symmetry energy, equal to the difference between the energies per nucleon of
neutron matter and of symmetric matter, is seen as one of the biggest unknowns in
this context. We have precise information on the symmetry energy near saturation
density from the knowledge of nuclear masses. For densities below saturation, in-
vestigations of nuclear structure phenomena and of heavy ion reactions in the Fermi
energy regime have constrained the symmetry energy considerably.14–16 The im-
portance of clustering at subsaturation densities has recently been demonstrated17
and confirmed in comparison with experimental data from intermediate-energy re-
actions.18–20 At suprasaturation density, however, the symmetry energy is still
largely unknown for several reasons. Phenomenological forces, even though well
constrained near saturation, yield largely diverging results if they are extrapolated
to higher densities.21,22 Many-body calculations with realistic potentials face the
problem that three-body forces and short-range correlations are not sufficiently con-
strained at the higher densities at which their importance increases.23–26 Even the
magnitude of the kinetic contribution is possibly modified by a redistribution of nu-
cleon momenta due to short-range correlations in high-density nuclear matter.27–29
The symmetry energy appears in nearly every aspect of nuclear structure and re-
actions and, as a consequence, a variety of constraints obtained with different meth-
ods have become available.30 However, quantities as, e.g., the thickness of the neu-
tron skin in heavy nuclei or the isospin transport in reactions of isospin-asymmetric
nuclei in the Fermi-energy domain are predominantly sensitive to the strength of
the symmetry term at densities near or below the saturation value.11,14,15,31–34
The example shown by Brown35 demonstrates that a very precise knowledge of the
neutron-skin thickness of 208Pb will be required if an extrapolation from density
ρ ≈ 0.6ρ0, where the symmetry energy is well determined, to the saturation density
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Fig. 1. Isospin asymmetry δ = (ρn − ρp)/ρ as a function of the normalized density ρ/ρ0 at time
t = 20 fm/c in the 132Sn + 124Sn reaction with a stiff (Easym) and with a soft (E
b
sym) density
dependence of the nuclear symmetry energy. The corresponding correlation for neutron stars in
β-equilibrium is shown in the inset (reprinted with permission from Ref. 36; Copyright (2002) by
the American Physical Society).
ρ0 is attempted. This emphasizes the need for more direct high-density probes. As
in the case of symmetric nuclear matter, collective flows and sub-threshold particle
production are obvious candidates.
A strong motivation for exploring the information contained in isotopic flows
was provided some time ago by Bao-An Li when he pointed to the parallels in
the density-dependent isotopic compositions of neutron stars and of the transient
systems formed in collisions of neutron-rich nuclei depending on the EoS input
used in the calculations.36 Figure 1 illustrates the remarkable fact that the same
physical laws govern objects differing by 18 orders of magnitude in linear scale or
55 orders of magnitude in mass. Properties of exotic astrophysical objects may thus
be inferred from data obtained in laboratory experiments, and vice versa. A main
difficulty resides in the comparatively small asymmetry of atomic nuclei available
for experiments. Symmetry effects are, therefore, always small relative to those of
the dominating isoscalar forces. A partial cancellation of the latter may be expected
in differences or ratios of observables between isotopic partners.
A further encouragement was provided by transport model calculations indicat-
ing that the elliptic flows of free neutrons and free protons respond differently to
variations of the parametrization of the symmetry energy.37 Elliptic flow refers to
the second Fourier component of the azimuthal anisotropy of particle emissions. It
has motivated a reanalysis of the FOPI-LAND data for 197Au + 197Au collisions at
400 MeV/nucleon, collected many years ago and used to demonstrate the existence
of neutron squeeze-out in this energy regime.38,39 Squeeze-out refers to a dominant
November 10, 2018 3:32 ws-rv961x669 Book Title greiner˙trautwolt˙arx page 4
4 W. TRAUTMANN and H. H. WOLTER
out-of-plane emission of particles, relative to in-plane emission, and is considered as
evidence for the pressure buildup in the collision zone. It should therefore be par-
ticularly sensitive to the high-density EoS. The analysis has favored a moderately
soft to linear density dependence of the symmetry energy.37,40
This finding had a particular significance, in spite of a large statistical uncer-
tainty. Rather different conclusions, ranging from a super-soft to a super-stiff be-
havior of the symmetry energy, had previously been reached in analyses of the
π−/π+ production ratios, measured by the FOPI Collaboration41 for the same
197Au + 197Au reaction, with different transport models.42–45 In particular, the
super-soft result, first presented by Xiao et al.,43 has initiated a broad discussion
of how it might be reconciled with other observations as, e.g., properties of neu-
tron stars.43,46,47 The FOPI-LAND elliptic-flow data were found to be inconsistent
with this extreme assumption and, in fact, fairly independent of particular choices
made for the model parameters used for the quantum-molecular-dynamics (QMD)
transport-model calculations.37,48
The obvious need to improve the statistical accuracy beyond that of the existing
data set has initiated a dedicated measurement by the ASY-EOS Collaboration of
collective flows in collisions of 197Au + 197Au as well as of 96Zr + 96Zr and 96Ru +
96Ru. It was carried out in 2011 at the GSI laboratory with the LAND49 detector
coupled to a subset of the CHIMERA50 detector array.51 In the following sections,
the present situation will be described in relation to the new results from the ASY-
EOS experiment.
2. Present Knowledge of the Symmetry Energy
Our knowledge of the symmetry energy is originally based on nuclear masses whose
dependence on the isotopic composition is reflected by the symmetry term in the
Bethe-Weizsa¨cker mass formula. A density dependence is already indicated by the
use of separate bulk and surface terms in refined mass formulae. In the Fermi-gas
model, it is given by a proportionality to (ρ/ρ0)
γ with an exponent γ = 2/3, where
ρ0 ≈ 0.16 nucleons/fm
3
is the saturation density. This kinetic contribution to the
symmetry energy, however, amounts to only about 1/3 of the symmetry term of
approximately 30 MeV for nuclear matter at saturation. The major contribution is
given by the potential term reflecting properties of the nuclear forces.
Nuclear many-body theory has presented us with a variety of predictions for
the nuclear equation of state.4,11,22,52–54 The examples shown in Fig. 2 for the two
cases of symmetric nuclear matter and of pure neutron matter demonstrate that,
overall, the results are quite compatible among each other, except for densities
exceeding saturation at which the predictions diverge. The symmetry energy Esym
can be defined as the coefficient of the quadratic term in an expansion of the energy
per particle in the asymmetry δ = (ρn − ρp)/ρ, where ρn, ρp, and ρ represent the
neutron, proton, and total densities, respectively,
E/A(ρ, δ) = E/A(ρ, δ = 0) + Esym(ρ) · δ
2 +O(δ4). (1)
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Fig. 2. EoS in nuclear matter and neutron matter as a function of density. BHF/DBHF and
variational calculations with realistic forces are compared to phenomenological density functionals
NL3 and DD-TW and to ChPT. The left panel zooms the low density range (from Ref. 22, reprinted
with kind permission from Springer Science+Business Media).
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Fig. 3. Symmetry energy as a function of density as predicted by different models. The left
panel zooms the low density range up to saturation. The full lines represent the DBHF and
variational approaches using realistic forces (from Ref. 22, reprinted with kind permission from
Springer Science+Business Media).
In the quadratic approximation, the symmetry energy is the difference between the
energies of symmetric matter (δ = 0) and neutron matter (δ = 1). It is shown in
Fig. 3 for a similar range of models as in Fig. 2. Also the symmetry energy diverges
at high density, as expected from Fig. 2, while most empirical models coincide near
or slightly below saturation, the density range at which constraints from finite nuclei
are valid.
In calculations using realistic forces fitted to two- and three-nucleon data, the
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uncertainty is mainly related to the short-range behavior of the nucleon-nucleon
force and, in particular, to the three-body and tensor forces.23–26 The three-body
force has been shown to make an essential but quantitatively small contribution to
the masses of light nuclei.55 The extrapolation of the partly phenomenological terms
used there to higher densities is, however, highly uncertain.25 The general effect of
including three-body forces in the calculations is a stiffening of the symmetry en-
ergy with increasing density.56,57 Short-range correlations become also increasingly
important at higher densities. Results from very recent new experiments will, there-
fore, have a strong impact on predictions for high-density nuclear matter.23,24,27–29
Data from neutron-star observations provide important constraints already now.58
With the improvement of observational methods, they will become more stringent
in the near future.59
At higher energies, the momentum dependence of the nuclear forces becomes
important.11,12,60,61 It is well known that nuclear mean fields are momentum de-
pendent, as seen, e.g., in the energy dependence of the nuclear optical potential. The
dominating effect is in the isoscalar sector but there is also an important isovector
momentum dependence. It manifests itself as an energy dependence of the isospin-
dependent part of the optical potential but can also be expressed in terms of a
difference of the effective masses of protons and neutrons.22 Even the ordering
of these effective masses is still an open problem.30,62,63 It has, moreover, been
shown that the effective mass differences and the asymmetry dependence of the
EoS are both influencing particle yields and flow observables, and that additional
observables will be needed to resolve the resulting ambiguity.12,60,61,64
Transport theories needed for calculating the temporal evolution of nuclear re-
actions often use simplified descriptions of the composition-dependent part of the
nuclear mean field. In the UrQMD of the group of Li and Bleicher,65 the potential
part of the symmetry energy is defined with two parameters, the value at saturation
density, usually taken as 22 MeV in their calculations, and the power-law coefficient
γ describing the dependence on density,
Esym = E
pot
sym + E
kin
sym = 22 MeV · (ρ/ρ0)
γ + 12 MeV · (ρ/ρ0)
2/3. (2)
In other codes the nuclear potential of Das et al. with explicit momentum de-
pendence in the isovector sector is used.66 There, as in the Boltzmann-Uehling-
Uhlenbeck-type code IBUU04 developed by the groups of Li and Chen,11,67 the
density dependence of the symmetry energy is characterized by a parameter x ap-
pearing in the potential expressions. Examples of these parametrizations and of
results obtained from the analysis of experimental reaction data are given in Fig. 4.
The stiff (Easym) and soft (E
b
sym) density dependences of Fig. 1 correspond approxi-
mately to the cases γ = 1 and x = 1 shown here. Density functionals of the Skyrme
type are also increasingly used in transport model calculations.63,68
Parametrizations of this kind have the consequence that, once the symmetry
energy at the saturation point is fixed, a single value at a different density or,
alternatively, the slope or curvature at any density will completely determine the
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Fig. 4. Parametrizations of the nuclear symmetry energy as used in transport codes: three
parametrizations of the potential term used in the UrQMD (Ref. 65) with power law coefficients
γ = 0.5, 1.0, and 1.5 (lines with symbols as indicated), the result with γ = 0.69 obtained from
analyzing isospin diffusion data with the IBUU04 (full line, Ref. 67), and the super-soft and stiff
parametrizations obtained from analyzing the pi−/pi+ production ratios with the IBUU04 (dotted
line, Ref. 43) and the LQMD (dashed line, Ref. 44) transport models (from Ref. 69, reprinted with
kind permission from Springer Science+Business Media).
parametrization. Measurements of a variety of observables in nuclear structure
and reactions have, in this manner, been used to obtain results for the density
dependence of the symmetry energy. They are conventionally expressed in the form
of the parameter L which is proportional to the slope at saturation,
L = 3ρ0 · dEsym/dρ|ρ0. (3)
Most results with their errors fall into the interval 20 MeV ≤ L ≤ 100 MeV and
are compatible with a most probable value L ≈ 60 MeV, roughly corresponding
to a power-law coefficient γ = 0.6.11,14,15,30,46,70 The full line in Fig. 4 represents,
e.g., the result deduced by Li and Chen from the MSU isospin-diffusion data and
the neutron-skin thickness in 208Pb.67 The corresponding slope parameter is L =
65 MeV. Rather similar constraints have been deduced from recent investigations
and observations of neutron-star properties.26,57,58
Considerable progress regarding the correlation of the symmetry energy with
particular observables in different models has been made by the Florida and
Barcelona groups.71,72 In continuation of the work of Typel and Brown73 and
of Furnstahl,74 a universal correlation between the thickness of the neutron-skin of
208Pb and the L parameter has been found for empirical mean-field interactions.72
The determination of the neutron-skin thickness by measuring the parity-violating
contribution to electron scattering at high energy will thus offer a practically model-
free access to the slope at saturation.75,76
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3. Probing High Densities
Densities of two to three times the saturation density may be reached on time
scales of ≈ 10–20 fm/c in the central zone of heavy-ion collisions at relativistic
energies of up to ≈ 1 GeV/nucleon.77,78 The resulting pressure produces a collective
outward motion of the compressed material whose strength will be influenced by
the symmetry energy in asymmetric systems.4,79 At the same time, the excitation
of ∆ resonances in hard nucleon-nucleon scatterings leads to the production and
subsequent emission of charged and neutral π and K mesons. Their property as
messengers from the early reaction phase identifies them as potential probes for the
high-density symmetry energy. Calculations show that the highest sensitivities may
be expected at near-threshold energies.6,42,80 In both cases, collective flows or meson
production, isotopic differences or ratios of observables are useful to minimize the
sensitivity to the isoscalar part in the EoS while maximizing that to the symmetry
term.
The FOPI Collaboration has collected an extensive set of π−/π+ production
ratios measured for the four reactions 40Ca + 40Ca, 96Zr + 96Zr, 96Ru + 96Ru, and
197Au + 197Au at several energies between 0.4 and 1.5 GeV/nucleon.41 Theoretical
analyses of these data, however, have come to conflicting conclusions, suggesting
everything from a rather stiff to a super-soft behavior of the symmetry energy.42–45
The reason may lie in the treatment of the pion in-medium and ∆ dynamics78,81,82
and in competing effects of the mean fields and the ∆ thresholds42,83 which will
require further studies.84 Cozma has demonstrated very recently that both types
of observables, elliptic flow and pion production, can lead to compatible constraints
for the stiffness of the symmetry energy, provided that care is taken to conserve the
energy in inelastic collisions producing a ∆ resonance.81 It may be done at a local
or global level by accounting for the potential energy of hadrons in the treatment
of two-body collisions. The sensitivity inherent in the spectral dependence of pion
production has been pointed out by several authors.85–87 New information is ex-
pected to come from measurements performed by the SπRIT Collaboration87,88 at
RIKEN with radioactive Sn beams.
4. Transport Theory
Common to all high-density probes is the need to relate the observations made for
the asymptotic outcome of the reaction to the short interval during which the com-
pressed matter exists and impacts the subsequent evolution. Heavy-ion collisions
are non-equililibrium processes and non-equilibrium theory is, therefore, needed for
their interpretation. Hydrodynamical or statistical descriptions may be useful for
describing certain stages of the reaction process. A unified description requires
transport theory to follow the evolution from the initial state of the collision system
to the final stage when the strong interactions cease to act between its compo-
nents. Such approaches have first been developed in the group of Walter Greiner
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and at Michigan State University in the 80s,89–91 and have since evolved into a very
valuable tool for extracting physics information from heavy-ion experiments.
Two families of transport approaches with different philosophies have been de-
veloped in nuclear physics. Those of the Boltzmann-Vlasov type (often named
Boltzmann-Uehling-Uhlenbeck (BUU) approaches) decribe the evolution in time of
the one-body phase space density f(~r, ~p; t) under the influence of a mean field U [f ]
and of two-body collisions
∂f1
∂t
+
~p
m
∇~rf1 −∇~rU∇~pf1 = (4)
(
2π
m
)3
∫
d~p2d~p3d~p4|~v1 − ~v2|σNN (Ω12)δ(~p1 + ~p2 − ~p3 − ~p3)(f3f4f¯1f¯2 − f1f2f¯3f¯4).
Here fi = f(~r, ~pi; t), f¯i = (1 − fi), vi are velocities, and σNN (Ω) is the in-medium
nucleon-nucleon (NN) cross-section. The potential U [f ] and the cross-section are
either derived from an energy density functional, or are parametrized in order to test
them relative to the data. If particle production, e.g. of pions and ∆ resonances,
is to be considered, additional physics input is needed: inelastic cross sections,
potentials of the new particles, their cross sections for collisions with other particles
and, possibly, the finite mass distributions of instable particles.
The solution of this equation is achieved with simulations using the test-particle
(TP) method where the distribution function is represented in terms of finite ele-
ments as
f(~r, ~p; t) =
1
NTP
ANTP∑
i=1
g(~r − ~ri(t)) g˜(~p− ~pi(t)); (5)
here NTP is the number of TPs per nucleon, ~ri and ~pi are the time-dependent
coordinates and momenta of the TPs, and g and g˜ are the shape functions in
coordinate and momentum space (e.g. δ-functions or Gaussians), respectively. Upon
inserting this ansatz into the l.h.s. of Eq. 4, Hamiltonian equations of motion for
the test particles are obtained, d~ri
dt =
~˙p and d~pi
dt = −
~∇riU . The collision term is
simulated stochastically, by performing TP collisions with a probability depending
on the cross section and obeying the Pauli principle for the final state according to
blocking factors f¯i = (1− fi).
In the second family, the quantum molecular dynamics (QMD) model, the evo-
lution of the collision is formulated in terms of the evolution of the coordinates
Ri(t) and momenta Pi(t) of individual nucleons, similarly as in classical molecular
dynamics, but with particles of finite width representing minimum nucleon wave
packets. They move under the influence of NN forces. The method can also be
viewed as being derived from the Time-Dependent Hartree (TDH) method with a
product trial wave-function of single-particle states in Gaussian form. One obtains
equations of motion of the same form as in BUU for the coordinates of the wave
packets. Also a stochastic two-body collision term is introduced and treated in very
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much the same way as in BUU, but now for nucleons and the full NN cross section.
There are also relativistic formulations for both approaches using relativistic den-
sity functionals. Of the codes used in the analysis of the flow data discussed here
UrQMD and TuQMD are relativistic codes, IQMD is non-relativistic. A review of
the BUU method is given in Ref. 92 while the QMD method is reviewed in Ref. 93.
The main difference between the two approaches lies in the amount of fluctu-
ations and correlations in the representation of the phase space distribution. In
the BUU approach, the phase-space distribution function is seen as a smooth func-
tion of coordinates and momenta and can be increasingly better approximated by
increasing the number of TPs. In the limit of NTP → ∞, the BUU equation is
solved exactly but the solution is deterministic and contains neither fluctuations
nor correlations. If they are considered to be important, as is the case when looking
at cluster and fragment production, they have to be introduced explicitely through
the Boltzmann-Langevin equation with a fluctuation term on the r.h.s. of Eq. 4.
In the QMD, fluctuations are present because of the finite number of wave packets
in the representation. In addition, classical correlations are present if explicit two-
body interactions are used. The fluctuations in QMD-type codes are regulated and
smoothed by choosing appropriate width parameters of the wave packets. QMD
can be seen as an event generator solving the time evolution of different events
independently. Event-by-event fluctuations are not even suppressed in the limit of
infinitely many events.
The results of simulations with the two methods are thus expected to be similar,
though not necessarily identical, as far as one-body observables are concerned as,
e.g., the flow observables discussed in this article. Larger differences are expected for
observables depending on fluctuations and correlations, such as the production of
clusters and intermediate-mass fragments. Generally, the description of observables
going beyond the mean field level is a question under active discussion in transport
theory. In the experiment, copious numbers of light clusters and fragments are
observed in heavy-ion collisions, particularly at lower energies.
In addition to these more fundamental differences between existing transport
approaches, there are also differences that are caused by different implementations
of the highly complex transport theories. Analyses of experimental data with seem-
ingly similar physics input have lead to rather different conclusions. The analyses
of the FOPI π−/π+ ratios represent an example. In order to reach a better under-
standing of possible reasons, a code-comparison project has been started. In a first
publication, results for a standardized heavy-ion collision with identical physics in-
put were compared.94 Eighteen commonly used transport codes, nine of BUU and
nine of QMD type, were included. Quantitatively, the differences were found to de-
pend on the incident energy and amounted to approximately 30% at 100 and 15%
at 400 MeV/nucleon, respectively. The comparison is presently continued with cal-
culations for infinite nuclear matter. There the different ingredients of the transport
codes can be tested separately and compared to exact limits.
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5. Elliptic Flow
A ”flow of nuclear matter out of the regions of compressed densities” was already
predicted by Scheid, Ligensa and Greiner 49 years ago when they investigated cen-
tral collisions of 16O nuclei.9 The transverse emission of nuclear matter from the
compressed interaction zone, the squeeze-out as it has been termed, has first been
observed in experiments at the Bevalac.95 In a sphericity analysis, the event shape
in three dimensions was characterized by a kinetic-energy flow tensor whose main
orientation with respect to the beam direction represents the collective sidewards or
directed flow. A difference in the two minor axes indicates the existence of elliptic
flow. At the bombarding energies of up to several GeV/nucleon investigated in these
studies, a preferential emission of charged particles perpendicular to the reaction
plane has been observed. The shadowing by the spectator remnants reduces the
in-plane flow, so that the strength of the off-plane emission, as quantified by the
azimuthal anisotropy, reflects the internal pressure.
It has become customary to express both, directed and elliptic flows, and also
possible higher flow components by means of a Fourier decomposition of the az-
imuthal distributions measured with respect to the orientation of the reaction plane
φR,
96,97
dN
d(φ− φR)
=
N0
2π

1 + 2∑
n≥1
vn cosn(φ− φR)

 , (6)
where N0 is the azimuthally integrated yield. The coefficients vn ≡ 〈cosn(φ−φR)〉
are functions of particle type, impact parameter, rapidity y, and the transverse
momentum pt; v1 and v2 represent the directed and elliptic flows, respectively.
Elliptic flow has become an important observable at other energy regimes as
well. At ultrarelativistic energies, the observation of the constituent-quark scal-
ing of elliptic flow is one of the prime arguments for deconfinement during the
early collision phase, and the behavior as an almost perfect liquid of the formed
strongly interacting quark-gluon plasma are deduced from the observed magnitude
of collective motions.98–101 It implies that elliptic flow develops very early in the
collision which is valid also in the present range of relativistic energies, as confirmed
by calculations.102 Isotopic flow differences appear thus very suitable for studying
mean-field effects at high density.
An excitation function of the elliptic flow of Z = 1 particles in 197Au+197Au
collisions, compiled from various experiments,103 is shown in Fig. 5. Squeeze-out
perpendicular to the reaction plane, i.e. v2 < 0, as a result of shadowing by the
spectator remnants is observed at incident energies between about 150 MeV/nucleon
and 4 GeV/nucleon with a maximum near 400 MeV/nucleon. At lower energies,
the collective angular momentum in the mean-field dominated dynamics causes the
observed in-plane enhancement of emitted reaction products. The figure also shows
that elliptic flow can be measured quite precisely, as demonstrated by the good
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Fig. 5. Elliptic flow parameter v2 at mid-rapidity for 197Au+197Au collisions at intermediate
impact parameters (≈ 5.5 − 7.5 fm) as a function of incident energy. The filled and open circles
represent the INDRA and FOPI data104,105 for Z = 1 particles, the triangles represent the EOS
and E895 data106 for protons, and the square represents the E877 data107 for all charged particles
(from Ref. 103, reprinted with kind permission from Springer Science+Business Media).
agreement of data sets from different experiments in the overlap regions of the
studied intervals in collision energy.7,103,104
The precision in interpreting the measured particle flows has been demonstrated
by the FOPI Collaboration in their extensive report by Reisdorf et al.7 Calculations
with the IQMD model were shown to account not only for the overall strength of
the flow but also for the detailed dependence on rapidity and the change of sign
of the v2 parameter at rapidities |y0| ≈ 0.7; here y0 is the rapidity normalized to
the projectile rapidity in the c.m. system (Fig. 6). The approximately quadratic
dependence of v2(y0) has been fitted with two parameters, v2(y0) = v20+v22 ·y
2
0 , and
a new quantity v2n = |v20|+ |v22| has been introduced. It combines the information
contained in the amplitude and the rapidity dependence of v2. The dependence of
v2n on the incident energy in the interval 0.4 to 1.5 GeV/nucleon covered by FOPI
is fairly flat and its discriminating power between the soft and stiff parametrizations
of the symmetric-matter EoS appears rather convincing.7,8
6. Results from FOPI-LAND
The squeeze-out of neutrons has first been observed by the FOPI-LAND Collabora-
tion who studied the reaction 197Au + 197Au at 400 MeV/nucleon.38 The squeeze-
out of charged particles reaches its maximum at this energy (Fig. 5), and similarly
large anisotropies were observed for neutrons.39 The neutrons had been detected
with the Large-Area Neutron Detector, LAND,49 while the FOPI Forward Wall,
covering the forward hemisphere of laboratory angles θlab ≤ 30
◦ with more than
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Fig. 6. Elliptic flow parameter -v2 (note the change of sign) of protons as a function of the
normalized rapidity y0 for 197Au + 197Au collisions at 1.2 GeV/nucleon and the indicated near-
central interval of normalized impact parameters b0. Left panel: IQMD calculations (symbols) for
a hard (HM) and a soft (SM) EoS, both with momentum dependent forces, and the fit results
(lines) assuming a quadratic dependence on yo. Right panel: The obtained fit results (lines) in
comparison with the experimental data (symbols) measured with the FOPI detector at the GSI
laboratory (reprinted from Ref. 8, Copyright (2016), with permission from Elsevier).
700 plastic scintillator elements, was used to determine the modulus and azimuthal
orientation of the impact parameter.
The motivation for returning to the existing data set has been provided by stud-
ies performed with the UrQMD transport code for this fairly neutron-rich system
(N/Z = 1.49). They indicated a significant sensitivity of the elliptic-flow parame-
ters to the assumptions made for the density dependence of the symmetry energy.37
In calculations with power-law coefficients γ = 0.5 and 1.5 (cf. Eq. 2 and Fig. 4),
the relative strengths of neutron and proton elliptic flows were found to vary on the
level of 15%.
The reanalysis of the data consisted mainly in choosing equal acceptances for
neutrons and hydrogen isotopes with regard to particle energy, rapidity and trans-
verse momentum (energy and momentum per nucleon for deuterons and tritons).
The theoretical predictions have been obtained simulating the LAND acceptance
and the experimental analysis conditions and were found to follow qualitatively the
experimental data.
For the quantitative evaluation, the ratio of the flow parameters of neutrons
versus protons or versus Z = 1 particles has been proposed as a useful observable.37
Systematic effects influencing the collective flows of neutrons and charged particles
in similar ways should thereby be minimized, on the experimental as well as on the
theoretical side. In consideration of the systematic and experimental errors, a value
γ = 0.9 ± 0.4 has been adopted by the authors as best representing the power-law
exponent of the potential term resulting from the elliptic-flow analysis.37 It falls
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Fig. 7. Constraints on the density dependence of the symmetry energy obtained by Cozma et al.
from comparing predictions of the Tu¨bingen QMD for the neutron-proton elliptic-flow difference
and ratio to FOPI-LAND experimental data (Ref. 108). The result of Russotto et al. (Ref. 37) is
also shown, together with the Gogny-inspired parametrization of the symmetry energy for three
values of the stiffness parameter: x = -1 (stiff), x = 0, and x = 1 (soft) (from Ref. 108).
slightly below the linear γ = 1.0 line shown in Fig. 4. The corresponding slope
parameter is L = 83 ± 26 MeV. Comparing with the many-body theories shown
in Fig. 3, the elliptic-flow result is in good qualitative agreement with the range
spanned by the DBHF and variational calculations based on realistic nuclear forces.
In an independent analysis, Cozma has used data from the same experiment
and investigated the influence of several parameters on the difference and ratio of
the elliptic flows of protons and neutrons using the Tu¨bingen version of the QMD
transport model.108,109 They included the parametrization of the isoscalar EoS,
the choice of various forms of free or in-medium nucleon-nucleon cross sections, and
model parameters as, e.g., the widths of the wave packets representing nucleons.
The interaction developed by Das et al. with an explicit momentum dependence of
the symmetry energy part was used.66,67 In Fig. 7, the obtained constraint on the
density dependence of the symmetry energy is presented. It is overall in agreement
with the result reported by Russotto et al.37 but has a larger uncertainty because the
effects of exploring the full intervals of the above-mentioned theoretical parameters
were taken into account in the error determination. A stiffness closely corresponding
to the x = −1 scenario is clearly favored while a super-soft solution with x = 1 is
ruled out.
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Fig. 8. Elliptic flow ratio of neutrons over all charged particles for central (b < 7.5 fm) collisions
of 197Au+197Au at 400 MeV/nucleon as a function of the transverse momentum per nucleon pt/A.
The black squares represent the experimental data; the green triangles and purple circles represent
the UrQMD predictions for stiff (γ = 1.5) and soft (γ = 0.5) power-law exponents of the potential
term, respectively. The solid line is the result of a linear interpolation between the predictions,
weighted according to the experimental errors of the included four bins in pt/A and leading to the
indicated γ = 0.75 ± 0.10 (from Ref. 51).
7. Results from ASY-EOS
The experimental setup of the ASY-EOS experiment at the GSI laboratory followed
the scheme developed for FOPI-LAND by using the Large Area Neutron Detector
(LAND49) as the main instrument for neutron and charged particle detection. For
the event characterization and for measuring the orientation of the reaction plane,
three detection systems had been installed. The ALADIN Time-of-Flight (AToF)
Wall110 was used to detect charged particles and fragments in forward direction
at polar angles up to θlab ≤ 7
◦. Its capability of identifying large fragments and
of characterizing events with a measurement of Zbound
110 permitted the sorting
of events according to impact parameter. Four double rings of the CHIMERA111
multidetector carrying together 352 CsI(Tl) scintillators in forward direction and
four rings with 50 thin CsI(Tl) elements of the Washington University Microball112
array surrounding the target provided sufficient coverage and granularity for deter-
mining the orientation of the reaction plane from the measured azimuthal particle
distributions. A detailed description of the experiment is available in Ref. 51.
The ratio vn2 /v
ch
2 obtained for the class of central (b < 7.5 fm) collisions as a
function of the transverse momentum per nucleon pt/A is shown in Fig. 8. The
best description of the neutron-vs-charged-particle elliptic flow is obtained with a
power-law coefficient γ = 0.75±0.10, where ∆γ = 0.10 is the statistical uncertainty
returned by the fit routine. It results from linearly interpolating between the pre-
dictions for the soft, γ = 0.5, and the stiff, γ = 1.5, predictions of the model within
the range of transverse momentum 0.3 ≤ pt/A ≤ 0.7 GeV/c.
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Fig. 9. Constraints deduced for the density dependence of the symmetry energy from the ASY-
EOS data in comparison with the FOPI-LAND result of Ref. 37 as a function of the reduced
density ρ/ρ0. The low-density results of Refs. 14, 34, 35 and 113 as reported in Ref. 16 are given
by the symbols, the gray area (HIC), and the dashed contour (IAS). For clarity, the FOPI-LAND
and ASY-EOS results are not displayed in the interval 0.3 < ρ/ρ0 < 1.0 (from Ref. 51).
With all corrections and errors included, the acceptance-integrated elliptic-flow
ratio leads to a power-law coefficient γ = 0.72± 0.19. This is the result displayed in
Fig. 9 as a function of the reduced density ρ/ρ0. The new result confirms the former
and has a considerably smaller uncertainty. It is also worth noting that the present
parametrization is compatible with the low-density behavior of the symmetry energy
from Refs. 14, 34, 35 and 113 that are included in the figure. The corresponding
slope parameter describing the variation of the symmetry energy with density at
saturation is L = 72± 13 MeV.
The effective density probed with the elliptic flow measurement was explored in
a study using again the Tu¨bingen version108 of the QMD model. The underlying
idea consisted in performing transport calculations for the present reaction with
two parametrizations of the symmetry energy that were chosen to be different for
a selected range of density and identical elsewhere. The magnitude of the obtained
difference between the two predictions for the elliptic flow ratio is considered a
measure of the sensitivity to the selected density region.
It was found that the sensitivity achieved with the elliptic-flow ratio of neutrons
over charged particles, the case chosen for the ASY-EOS analysis, reaches its maxi-
mum close to saturation density but extends beyond twice that value. Interestingly,
the sensitivity of the neutron-vs-proton flow ratio has its maximum in the 1.4–1.5
ρ0 region, i.e. at significantly higher densities than with light complex particles
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being included. This observation contains an important potential for future experi-
ments. With efficient isotope separation, flow measurements may give access to the
curvature of the symmetry energy at saturation, in addition to the slope.
8. Conclusion and Outlook
The ”flow of nuclear matter out of the regions of compressed densities” studied by
Walter Greiner and his group9 many years ago has, in the meanwhile, evolved into
a useful tool for the study of the nuclear equation of state (EoS) at high density.
According to the predictions of transport models, the relative strengths of neutron
and proton elliptic flows represent an observable sensitive to the symmetry energy
at densities near and above saturation. By forming ratios or differences of neutron
versus charged-particle flows, the influence of isoscalar-type parameters of the model
descriptions can be minimized. As the interpretation of the FOPI pion ratios41 is
not yet conclusive, this observable is presently unique as a terrestrial source of
information for the EoS of asymmetric matter at high densities.
The value γ = 0.72± 0.19 obtained in the ASY-EOS experiment for the power-
law coefficient of the potential part in the UrQMD parametrization of the symmetry
energy and the slope parameter L = 72 ± 13 MeV are equivalent to a symmetry
pressure p0 = ρ0L/3 = 3.8± 0.7 MeVfm
−3. The latter may be used to estimate the
pressure in neutron-star matter at saturation density. For an assumed asymmetry
δ = (ρn−ρp)/ρ = 0.9 in that part of the star, it amounts to 3.4 MeVfm
−3 (Ref. 51),
a value that compares well with the pressure obtained by Steiner et al.114 from
neutron-star observations.
The study of the parameter dependence has shown that the contributions of the
isoscalar sector are still significant. It will, therefore, be important to improve the
description of the nuclear interaction in transport models, to reduce the parameter
ranges also in the isoscalar sector, to improve the algorithms used for clusterization,
as well as going beyond the mean-field picture, including short-range correlations.29
Moreover, it will be quite important to compare the experimental data with the
predictions of several transport models, of both Boltzmann-Vlasov and molecular-
dynamics type, in order to pursue the work towards a model-independent constraint
of the high-density symmetry energy initiated in Refs. 108 and 109.
The presented experimental results and the theoretical study of the density
range that has been probed, provide a strong encouragement for continuing the
flow measurements with improved detection systems. Model studies indicate that
the sensitivity to the stiffness of the symmetry energy is still significant at incident
energies as high as 800 MeV or 1 GeV/nucleon. The density study suggests that
the range of densities that can be probed in the laboratory may reach up to twice
or three times the saturation value if higher precision and isotopic resolution for
light charged particles can be achieved. Future experiments will, therefore, benefit
from the improved capabilities of the NeuLAND detector115 presently constructed
as part of the R3B setup for experiments at FAIR.
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